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We calculate the effects of the electromagnetic self-force on a charged particle outside a five
dimensional Myers-Perry space-time. Based on our earlier work [1], we obtain the self-force using
quaternions in Janis-Newman and Giampieri algorithms. In four dimensional rotating space-time the
electromagnetic self-force is repulsive at any point, however, in five dimensional rotational space-
time, we find a point r0 where the electromagnetic self-force vanishes. For r < r0 (r > r0) the
electromagnetic self-force is attractive (repulsive).
I. INTRODUCTION
The interesting subject of self-force was proposed for
the first time in the seminal work by Dirac in which the
motion of the electron in flat space-time was studied
[2]. The Dirac’s work was generalized by DeWitt and
Brehme in 1960 for the motion of a point particle in
curved space-time [3] in three cases: a scalar charge, an
electric charge and a point mass in a curved space-time
[4]. The so called “self-force” comes from the interaction
of a point particle with its own field. Although this force
is usually very small and negligible, it deviates the point
mass from moving on the background’s geodesics.
The gravitational self-force for a point particle outside
the Schwarzschild space-time was calculated in [5]. For
the case of Schwarzschild and Kerr space-times in four
dimensions, the electromagnetic self-force for a static
charge was obtained in a closed form [6, 7]. Also in
five dimensional black hole with the Schwarzschild-
Tangherlini metric, the electromagnetic self-force for a
charged particle was computed in [8]. For some recent
works on self-force see [9–16]. Recently a new approach
was presented to find the effects of self-force (electro-
magnetic) on a charged particle in Kerr space-time
based on the Janis-Newman (JN) algorithm [17]. This
result is for an arbitrary polar angle θ which is a more
general result than [7]. This new method, which has
already been defined for the conversion of static metrics
to rotating ones, simplifies the self-force calculations and
the corresponding force in Kerr space-time is recovered
successfully in [17]. For more on Janis-Newman algo-
rithm and Giampieri simplification see [18–24].
In this paper, we obtain the electromagnetic self-force
acting on a static charged particle in the five dimen-
sional Myers-Perry space-time [25] by applying the JN
algorithm on the self-force in static space-time derived
in [8]. Our work is based on our recent proposal [1]
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for finding the five dimensional Myers-Perry black hole
from the static solution using quaternion’s algebra. The
novelty of the recent proposal was using the quaternions’
algebra for the first time for calculating the metric of
rotating black holes in dimensions higher than four,
especially the five dimensional Myers-Perry black hole.
Our approach for the self-force in five dimensions, leads
to a closed form for the electromagnetic self-force in 5D
rotating space-time. Our result for the electromagnetic
self-force is novel and there is no other calculation of
the self-force in 5D rotating space-time, however, it is a
conjecture and should be confirmed by other methods.
This paper is organized as follows: In Section II we
describe the JN algorithm and Giampieri simplification
and derive the Kerr solution from the Schwarzschild met-
ric. We also rewrite the results obtained in reference
[17] for the electromagnetic self-force acting on the static
charged particle outside the Kerr space-time. In Sec-
tion III, which is the main part of our paper, we obtain
the electromagnetic self-force for the static charged par-
ticle in five dimensional Myers-Perry black hole by using
quaternions’ algebra. Finally, Section IV is devoted to
the conclusions.
II. THE SELF-FORCE OF A STATIC CHARGE
IN KERR BACKGROUND USING
JANIS-NEWMAN ALGORITHM AND
GIAMPIERI SIMPLIFICATION
Janis-Newman (JN) approach is a method for deriving
the rotating solution from the static one in four dimen-
sions based on the original work in 1965 [18]. To use
this algorithm, one has to introduce a set of null tetrads
which is usually a complicated process. Giampieri sim-
plified the JN approach in 1990 [24]. Using Giampieri’s
suggestion, null tetrads could be avoided and one can
work with the background metric. More details may be
found in [21]. Starting from the Schwarzschild metric:
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2ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2. (1)
One can formulate the algorithm for deriving the Kerr
metric in the following steps:
1. Transforming the metric to the Eddington-
Finkelstein (EF) coordinates, where, u = t − r∗ and
r∗ =
∫
dr(−grrgtt )
1
2 (du = dt − f(r)−1dr) with f(r) =
1 − 2Mr . Schwarzschild metric in Eddington-Finkelstein
coordinates is as follows:
ds2 = −f(r)du2 − 2dudr + r2dΩ2. (2)
2. Complexification of the coordinates u = u′ +
ia cosψ and r = r′ − ia cosψ. We obtain the follow-
ing differentials:
du = du′ − ia sinψ dψ,
dr = dr′ + ia sinψ dψ. (3)
Introducing the angle ψ, the four dimensional
space-time is embeded into a five dimensional complex
space-time.
3. Complex transformation of f(r). Since f(r) de-
pends on the coordinates r and r¯ (complex conjugate of
r), due to the rule (1r −→ Re(r)|r|2 ), f(r) transforms as
f(r) = 1− 2M
r
−→ f˜(r) = 1− 2M Re(r)|r|2 . (4)
4. Angle fixing. Using the ansatz idψ = sinψ dφ, ψ =
θ, helps to find a real metric as follows (by omitting the
primes):
ds2 = (1− 2Mr
ρ2
)(du− a sin2 θ dφ)2
−2(du− a sin2 θ dφ)(dr + a sin2 θ dφ)
+ρ2dΩ2, (5)
where we have defined
ρ2 = r2 + a2cos2θ. (6)
5. Go back to the Boyer-Lindquist coordinates by
using transformations du = dt′ − g(r)dr and dφ =
dφ′ − h(r)dr. Applying the conditions gtr = grφ′ = 0
functions g(r) and h(r) can be obtained as follows:
g =
r2 + a2
∆
, h =
a
∆
,
where ∆ is introduced as
∆ = f˜(r)ρ2 + a2 sin2 θ. (7)
Finally, we obtain the Kerr metric in the Boyer-Lindquist
coordinates as follows (omitting the primes):
ds2 = −f˜(r)dt2 + ρ
2
∆
dr2 + ρ2dθ2 +
Σ2
ρ2
sin2θ dφ2
+2a(f˜ − 1) sin2θ dtdφ. (8)
The electromagnetic self-force can also be derived
using the above algorithm. Recently an original ap-
proach to compute the self-force in Kerr space-time
was presented in [17], where JN approach was used.
Although there is not any proof that the JN approach
and Giampieri simplification can be used for deriving
the electromagnetic self-force, the corresponding force in
Kerr space-time is recovered successfully. That means
one can find the self-force in Kerr space-time from the
self-force in Schwarzschild background, just by using JN
algorithm on the forces. In the following part we review
deriving the self-force in rotating background in four
dimensions.
Considering a static charged particle (with electric
charge e) in the Schwarzschild background, the radial
component is the only non-zero part of self-force and
reads as follows [4]
fr =
Me2
r3
(
1− 2M
r
) 1
2
. (9)
The self-force (9) can be written in Eddington-
Finkelstein (EF) coordinates by using the tensorial trans-
formation fµEF =
∂xµ
∂xν f
ν as
fuEF = −
Me2
r3
(
1− 2M
r
)− 12
, (10)
frEF =
Me2
r3
(
1− 2M
r
) 1
2
. (11)
Writing the one form f := fµdx
µ in Eddington-Finkelstein
coordinates leads to (one can lower indices by using Eq.
(2))
fEF =
Me2
r3
(
1− 2M
r
)− 12
dr. (12)
At this stage one has to complexify the Eddington-
Finkelstein coordinates with some specified rules as
1
r
−→ Re(r)|r|2 =
Re(r)
ρ2
, (13)
1
r3
−→ Re(r)|r|4 =
Re(r)
ρ4
. (14)
where, ρ2 is already introduced in Eq. (6).
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The absolute value of the self-force in four dimensions
FIG. 1. Absolute value of self-force in four dimensions as a
function of distance r for e = 1, a = 6 and θ = 0.6. The peak
in the plot shows where the maximum value for self-force for
a static particle located at r = 2.8M .
Applying JN algorithm by using Eq.(3), the self-force in
Kerr space-time reads as follows
f =
Me2r
ρ4
(
1− 2M r
ρ2
)− 12
(dr + a sin2 θ dφ). (15)
The self-force in Boyer-Lindquist coordinates in Kerr
background is obtained as
f =
Me2r
ρ4
(
1− 2M r
ρ2
)− 12
×[(
1− a
2 sin2 θ
∆
)
dr + a sin2 θ dφ
]
. (16)
The absolute value of the self-force (16) is defined as fˆ =
±(fµfµ) 12 . The absolute value of the self-force is obtained
as
fˆ =
Me2r
ρ4
=
Me2r
(r2 + a2 cos2 θ)2
, (17)
where, for the case of a static particle located in θ = 0,
the above relation reduces to the self-force calculated in
[7]. Equation (17) is depicted in Fig.(1). As it can be
seen from the diagram, there is a peak in the plot that
appears in rmax =
a cos θ√
3
.
III. THE ELECTROMAGNETIC SELF-FORCE
OF A STATIC CHARGED PARTICLE IN FIVE
DIMENSIONAL MYERS-PERRY SPACE-TIME
In the following, we review deriving the Myers-Perry
black hole with two distinct angular momenta in a five
dimensional space-time using quaternions [1]. We derive
the electromagnetic self-force of a static charged particle
in 5-dimensional rotating space-time for the first time.
Starting with the 5-dimensional Schwarzschild solution
as:
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ23, (18)
where, f(r) = 1 − Mr2 and dΩ23 is the induced metric on
the three dimensional sphere S3 in the Hopf coordinates
which can be written as follows:
dΩ23 = dθ
2 + sin2 θ dφ2 + cos2 θ dψ2, (19)
We repeat the same steps used in Sec. (II).
1. The Myers-Perry metric in five dimensions in
Eddington-Finklestein retarded null coordinates can be
written as:
ds2 = −du (du+ 2dr) + (1− f(r))du2 + r2dΩ23. (20)
2. Complexification of coordinates u = u′+ ia cos ξ1+
jb sin ξ2 and r = r
′ − ia cos ξ1 − jb sin ξ2 using quater-
nions. Therefore, we obtain the following differentials
du = du′ − ia sin ξ1 dξ1 + jb cos ξ2 dξ2,
dr = dr′ + ia sin ξ1 dξ1 − jb cos ξ2 dξ2.
(21)
In (21), i and j are the orthogonal basis of quater-
nions. Also, a and b are defined as parameters related to
independent angular momenta. We may embed our five
dimensional metric into a seven dimensional complex
space-time.
3. Complex transformation of f(r) = 1 − Mr2 . f(r)
depends on r and its complex conjugate r¯. Under the
defined transformations, f(r) transforms as (Note that
1
r2 −→ 1|r|2 )
f(r) = 1− M
r2
−→ f˜(r) = 1− M|r|2
= 1− M
r′2 + a2 cos2 θ + b2 sin2 θ
. (22)
4. Angle fixing.
idξ1 = sin ξ1 dφ, ξ1 = θ,
jdξ2 = − cos ξ2 dψ, ξ2 = θ. (23)
Substituting (21) and (22) in metric (20) and by using
angle fixing (23), we obtain the following form for the
transformed metric
4ds2 = −(du′ − ia sin ξ1 dξ1 + jb cos ξ2 dξ2)×
[(du′ − ia sin ξ1 dξ1 + jb cos ξ2 dξ2) + 2(dr′
+ia sin ξ1 dξ1 − jb cos ξ2 dξ2)]
+(1− f˜(r′))(du′ − ia sin ξ1dξ1 + jb cos ξ2 dξ2)2
+angular part of the metric. (24)
Using the symmetrizing angle part method and the
fact that quaternions are not commutative (i · j = −j · i),
we can now obtain the transformed metric as follows (all
the primes are omitted). See Appendixes A and B for
more details.
ds2 = −du2 − 2dudr
+(1− f˜(r))(du− a sin2 θ dφ− b cos2 θ dψ)2
+2a sin2 θ drdφ+ 2b cos2 θ drdψ + ρ2dθ2
+(r2 + a2) sin2 θ dφ2 + (r2 + b2) cos2 θ dψ2,(25)
where, ρ2 = rr¯ = r′2 + a2 cos2 θ + b2 sin2 θ.
5. For going to the Boyer-Lindquist coordinates, we
use the following transformations:
du = dt− g(r)dr,
dφ = dφ′ − hφ(r)dr,
dψ = dψ′ − hψ(r)dr,
(26)
where,
g(r) =
Π
∆
,
hφ(r) =
Π
∆
a
r2 + a2
,
hψ(r) =
Π
∆
b
r2 + b2
, (27)
Based on the definition of Π = (r2 + a2)(r2 + b2) and
∆ = r4 + r2(a2 + b2 −m) + a2b2, we can obtain the five
dimensional Myers-Perry solution in the Boyer-Lindquist
coordinates as follows (omitting the primes):
ds2 = −dt2 + (1− f˜(r))(dt− a sin2 θ dφ− b cos2 θ dψ)2
+ρ2dθ2 +
r2ρ2
∆
dr2 + (r2 + a2) sin2 θ dφ2 +
+(r2 + b2) cos2 θ dψ2. (28)
Since we know how to find the Myers-Perry metric
from the non-rotating one in five dimensions with the
proper algorithm, we may obtain the electromagnetic
self-force for a charged particle in five dimensional
Myers-Perry space-time. Since the self-force in Kerr
space-time can be derived successfully with this method
[17], we expect our method leads to a correct form of
self-force in five dimensional rotating background.
Considering a charged particle at the fixed position r
in the five dimensional Schwarzschild background (18),
only the radial component of self-force F r, is non-zero
and is given by [8]:
F r =
e2R2
2r5
Γ(x)
f
, (29)
where, R is the radius of event horizon that is related
to ADM mass R =
√
M , f = 1 − (Rr )2, e is the electric
charge and,
Γ(x) = − 1
4x
+
5
8
+
139
96
x− 281
192
x2 + (
1
4x
+
1
2
− 15
16
x)
√
f
+
3
16
x(6− 5x) ln( s¯x(1 +
√
f)
8
√
f
), (30)
Also x = (Rr )
2 and s¯ = sR . The self-force is dependent
on an unidentified parameter s which it can be inter-
preted as the radius of the charged particle.
We can obtain two non-zero components for the self
force in Eddington-Finkelstein (EF) coordinates as
F rEF =
e2R2
2r5
Γ(x)
f
, (31)
FuEF = −
e2R2
2r5
Γ(x)
f2
. (32)
The one form F = Fµdx
µ in Eddington-Finkelstein
coordinates is written as (one can lower indices by using
Eq. (20))
FEF =
e2R2
2r5
Γ(x)
f2
dr. (33)
To use the Janis-Newman algorithm, we need the fol-
lowing specified rules
1
r2
−→ 1|r|2 =
1
ρ2
, (34)
1
r5
−→ Re(r)|r|6 =
Re(r)
ρ6
, (35)
where, ρ2 = r2 + a2 cos2 θ + b2 sin2 θ.
Applying the above rules along with Eqs. (21) with
the angle fixing ansatz (23), the self-force (33) acting on
a static charge in five dimensional Myers-Perry space-
time reads as follows
F = (
e2R2r
2ρ6 f˜2
) Γ(ρ)×
(dr + a sin2 θ dφ+ b cos2 θ dψ), (36)
5where, f˜ = 1− R2ρ2 and
Γ(ρ) = − ρ
2
4R2
+
5
8
+
139
96
R2
ρ2
− 281
192
R4
ρ4
+(
ρ2
4R2
+
1
2
− 15
16
R2
ρ2
)
√
f˜
+
3
16
R2
ρ2
(6− 5R
2
ρ2
) ln
s¯ R
2
ρ2 (1 +
√
f˜)
8
√
f˜
. (37)
We can easily find the self-force in Boyer-Lindquist co-
ordinates in five dimensional Myers-Perry space-time us-
ing Eqs. (26) and (27) as
F = (
e2R2r
2ρ6 f˜2
) Γ(ρ)×
[(1− Π
∆
(
a2 sin2 θ
r2 + a2
+
b2 cos2 θ
r2 + b2
))dr
+a sin2 θ dφ+ b cos2 θ dψ]. (38)
Through raising indices Fµ by using the metric (28),
we can calculate absolute value of the self-force, Fˆ =
±(FµFµ) 12 , as follows (Note that the sign of Fˆ is chosen
such that it agrees with the sign of Fr)
Fˆ =
e2R2r
2ρ6
Γ(ρ)
f˜3/2
, (39)
The absolute value of self-force in five dimensions, Eq.
(39) is plotted in Fig.(2) as a function of distance. An
interesting feature in five dimensions for the self-force is
that for some specific values of angular momentum, there
is a point (r0) where the value of self-force vanishes.
The self-force becomes attractive (repulsive) for r < r0
(r > r0), however in four dimensions the self-force is
positive for all values of r. Therefore if we live in a five
dimensional space-time the extra dimension may be ex-
plored using experimental methods1. Also for the specific
case of a = b = 0, Equation (39) is consistent with the
self-force calculated for the non-rotating black hole in [8].
Moreover note that there is no explicit calculation for
the absolute value of self-force of a charged particle in five
dimensional rotating Myers-Perry space-time. Our pro-
posal is based on JN algorithm and should be confirmed
by other methods.
IV. CONCLUSION
In this work, we derived the self-force of a static
charged particle in five dimensional Myers-Perry space-
time. In this process, we used quaternion’s algebra and
1 We would like to thank anonymous referee for suggesting this
idea.
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FIG. 2. Absolute value of self-force in five dimensions as a
function of distance r for e = 1, a = 1, b = 1, s = 0.001 and
θ = 0.6. The peak in the plot shows where the maximum
value for self-force for a static particle located at r = 3.8M
and the self-force vanishes at r = 3.1M .
their non-commutative property. We also showed that
for specific values of angular momenta, self-force van-
ishes and make the particle move on the circular geodesics
while this does not happens in four dimensions. This be-
havior might be used in the future experiments to mea-
sure self-force and therefore discovering possible extra
dimensions. It will be very interesting to investigate this
behavior in other examples and higher dimensions.
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Appendix A: Quaternions
Quaternions are a system of basis in mathematics that
are represented in a specific form as follows:
a+ b i+ c j + d k, (A1)
where i, j, and k are quaternion’s units and a, b, c, and
d are real numbers. Quaternion multiplications are pre-
sented in Table 1.
Appendix B: Transforming the angular part of the
five dimensional metric using symmetrizing angular
terms and non-commutative feature of quaternions
We show how the angular part in metric (24)
transforms using the symmetrizing method in-
6TABLE I. Quaternion multiplication
× 1 i j k
1 1 i j k
i i -1 k -j
j j -k -1 i
k k j -i -1
troduced in [1]. By the angular part we mean
r2dΩ23 = r
2 (dθ2 + sin2 θ dφ2 + cos2 θ dψ2).
As the angular part in the metric need to be transformed,
we show how each term transforms separately as follows
1.The first term, r2dθ2:
r2dθ2 −→ (rdθ)(rdθ)∗ = (r′2 + a2 cos2 θ + b2 sin2 θ)dθ2.
(B1)
2. The second term, r2 sin2 θdφ2:
r2 sin2 θdφ2 −→ sin2 θ(rdφ)(rdφ)∗. (B2)
We replace the term rdφ by the following ansatz (see
Eq.(23)):
rdφ = r(
idξ1
sin ξ1
) = (
i · r + r · i
2
)(
dξ1
sin ξ1
)
= [
1
2
(i · (r′ − ia cos ξ1 − jb sin ξ2)
+(r′ − ia cos ξ1 − jb sin ξ2) · i) dξ1
sin ξ1
]
=
idξ1
sin ξ1
(r′ − ia cos ξ1), (B3)
where, we used a symmetric form for quaternion’s
products. It should be noted that (i · j = −j · i).
Using (B3), we can write (B2) as follows:
r2 sin2 θdφ2 −→ sin2 θ (r′ − ia cos ξ1)(r′ + ia cos ξ1) dξ
2
1
sin2 ξ1
= sin2 θ(r′ − ia cos ξ1)(r′ + ia cos ξ1) dφ2
= sin2 θ(r′2 + a2 cos2 θ) dφ2, (B4)
where, dφ2 =
dξ21
sin2 ξ1
is used in the third line and the
substitution of ξ1 = θ which is the angle fixing condition
in (23).
3. The third term, r2 cos2 θdψ2:
r2 cos2 θ dψ2 −→ cos2 θ (rdψ)(rdψ)∗. (B5)
Using the angle fixing, dψ = −jdξ2cos ξ2 , we have
r2 cos2 θ dψ2 −→ cos2 θ (r′2 + b2 sin2 θ) dψ2. (B6)
Substituting Eqs. (B1), (B4) and (B6) in (24) one can
find the transformed metric (25).
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